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Why all forecasts fail?
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• Observation
• First guess/ background
• Model

“Bull” PABLO PICASSO

combine model with observations make a better 
forecast?



least square es2ma2on 
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Sta$s$cs OI 4DVar Model Lab1 Lab2 Summary 

Bayes theorem

Assume T1 and T2 are unbiased: E (T1 − Tt ) = E (T2 − Tt ) = 0 

Assume we know the variances of the observational errors: 

Two independent observations
with unknown errors:

Assume errors of two measurements uncorrelated: 

Estimate Tt from a linear combination: 
“Analysis” Tt should be unbiased: E(Ta)=E(Tt) which implies 

a1 + a2 = 1 
Minimize the mean squared error of Ta :

Optimal weight:

Analysis formula:

Errors formula:
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observation errors are not correlated 

error variances are same for same observation type 
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• Identity
• Interpolator
• Integral transformation

Statistics OI 4DVar Model Lab1 Lab2 Summary 

Filter: Assimilate every time observations are available



4D-Var minimize cost func/on J 𝐱
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Analysis

𝐱) ------ analysis at 𝒕) to be solved
𝐱/! ----- background field
𝐱% ----- nonlinear model forecast at 𝒕%or ℳ, x)
𝒚, ----- observation at 𝒕%
ℋ, ----- observation operator 

Smoother: assimilate observations over a time window

AssimilaDon window

Statistics OI 4DVar Model Lab1 Lab2 Summary 

assume model is perfect



Model 1.5-layer reduced gravity shallow-
water model
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• aim: simulate Kelvin/Rossby wave propagaAon 
forced by wind burst

• Dynamic equation in matrix form
• Discretization: CTCS scheme

• Reflective boundary condition zonally, absorbing boundary condition meridionally

• Equatorial Pacific idealized configuraDon

Model Error 

• parameters, eg. forcing unknown

• Resolution:  unresolved processes

• imperfect model discreDzaDon

get projected on the estimated parameters

Statistics OI 4DVar Model Lab1 Lab2 Summary 



Lab1 OI configuration:

7

Sta$s$cs OI 4DVar Model Lab1 Lab2 Summary 



default experiment: comparation of analysis, truth and first guess
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Sta$s$cs OI 4DVar Model Lab1 Lab2 Summary 

At random location
At last iteraDon



Lab1 OI task 3 sensitivity to decorrelation scale L
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experiment decorrelation L observation

1 (default) 250 km 5 %

2 (half L, same obs) 125 km 5%

3 (double L, same obs) 500 km 5%

Qeustion1: which decorrelation scale L is reasonable to assume?(exp1,2,3)

Qeustion2: If only few observations exit, will adjust L make forecast better ? (4,5,6)

note: due to random generator set rng(’default’)% to keep observaDon same for different L   

experiment decorrelation L observation

4 (double L, half obs) 500 km 2.5%

5(half L, half obs) 125 km 2.5%

6(default L, half obs) 250 km 2.5%

7 (increase L properly) 300 km 2.5 %

Statistics OI 4DVar Model Lab1 Lab2 Summary 

RMSD between analysis and “ truth” normalized by the STD of the “truth”
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L=125 km

L=250 km

L=500 km

Answer 1: L should not be too small nor too large. Larger L, Larger influence range
one can consider the L which produces smallest RMSD is the most reasonable setting

Statistics OI 4DVar Model Lab1 Lab2 Summary 

Default setting:smallest RMSD (reanalysis-”truth”) normalized by STD of “truth”  

Qeustion1: which decorrelation scale L is reasonable to assume?(exp1,2,3)
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L=500, observation 2.5%

Sta$s$cs OI 4DVar Model Lab1 Lab2 Summary 

L = 125, observation 2.5%

L=250, observaDon 2.5%

Answer 2: increasing L properly can mitigate the effects of fewer observations, 
but L cannot too large, otherwise may get worse, espectially in the edges areas

Qeus/on2: If only few observa/ons exit, how adjust L will make forecast beKer ? (4,5,6,7)

L=300, observation 2.5%



Lab1 OI task 4 sensitivity to sparseness and noise
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experiment noise & observation

1 default [1.0 0.005 0.005].*1 5%

6 (less precise, more obs) [1.0 0.005 0.005].*2 10%

7 (more precise, less obs) [1.0 0.005 0.005].*0.5 2.5%

Least square es$ma$on OI 4DVar Model Lab1 Lab2 Summary 

Question3: more observations but less accurate, less observation but more accurate, which one is better?

QuesDon4: what if observaDons are restricted in equatorial regions?

experiment noise & observation

8  (restrict obs in equatorial) [1.0 0.005 0.005].*1 reduced
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Least square es$ma$on OI 4DVar Model Lab1 Lab2 Summary 

Question3: more observations but less accurate, less observation but more accurate, which one is better?

double observaDons double noise half observations half noise

Anwser3: less observaEon but more accurate is beFer, quality is more important than quanEty
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Least square estimation OI 4DVar Model Lab1 Lab2 Summary 

Question3: Question4: what if observations are restricted in equatorial regions?

default observations restricted in equatorial

Anwser3: off-equtorials sEll have signal, observaEon can be spread to off-equatorial region, 
RMSD a bit worse for h and v, but u is beFer



Lab2 4Dvar  task3 imperfect model: layer thickness
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experiment
s

thickness H

1 default 120 m 

2 imperfect 60 m in the adjoint but with 
observations created with H=120

Default: adjoint H=120 Imperfect model: adjoint H=60

Least square estimation OI 4DVar Model Lab1 Lab2 Summary 

fail of converge of const function

Question 4: how is the influence of layer thickness error?



Comparison speed of Kelvin wave at last  iteration
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Default 

Imperfect model

Least square es$ma$on OI 4DVar Model Lab1 Lab2 Summary 

thermocline h shallower
Kelvin wave speed smaller



correc2on added to the wind stress at last itera2on
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Default H=120

Imperfect model
H=60

Least square estimation OI 4DVar Model Lab1 Lab2 Summary 

Fail to recover, a mismatch of distance



Lab2 4Dvar  task4 Sparse data, B-Matrix transformation
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experiment configurataion

1 sparse data in u,v,h

2 sparse data in u,v,h with B-
matrx transformation(L=1.5)

3 sparse data in u,v,h with B-
matrx transformation (L=3.0)

Least square es$ma$on OI 4DVar Model Lab1 Lab2 Summary 

Question 5: If we only have sparse observation data, can B-matrix transformation improve result?(compare 1 &2)
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Question 6: which L is reasonable to assume? (compare 2 & 3)

imgaussfilt(A,sigma)

tau=tau+B_matrix(correc);

%-----------------------------------------------------
%  B-matrix transformation
%-----------------------------------------------------
grad = B_matrix(grad);

https://de.mathworks.com/help/images/ref/imgaussfilt.html
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Least square es$ma$on OI 4DVar Model Lab1 Lab2 Summary 

Question 5: If we only have sparse observation data, will B-matrix transformation improve result?(compare 1 &2)

Without 
B-matrix

With B
L=1.5

Last iteration

With B
L=3.0
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Least square estimation OI 4DVar Model Lab1 Lab2 Summary 

Question 5: If we only have sparse observation data, will B-matrix transformation improve result?(compare 1 &2)

With B
L=5

With B
L=10

Answer 5: implemenAng B-matrix transformaAon will smooth the result
If L is too large, cost funcAon may fail
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Least square estimation OI 4DVar Model Lab1 Lab2 Summary 

Answer 6:larger L produces larger correction, both 1.5 and 3.0 are okay, but L=3 is better due to coherence

Question 6: which L is reasonable to assume? 
wind stress  truth and correcEons at last iteraEon for different L



Summary
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Sta$s$cs OI 4DVar Model Lab1 Lab2 Summary 

Role of B-matrix 
• information spreading(E.g. in 

data-sparse region )
• information smoothing(E.g. 

Gaussian filtering)
• ... ...

Role of observations
• resources of errors
• interpolation error 

acts at observation
• ... ...

method solution observation analsyis
time

uncertainty

OI least square best linear estimator sequential instant fixed in time

4DVar variational cost minimization smoother continuous evolve in time

Good results require accurately estimating the necessary 
statistics (R and B) and careful quality control of the 
observations（y).
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Thank you !


